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Enhancing field emission from a carbon nanotube array by lateral control
of electrodynamic force field
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Fluctuation of field emission current from carbon nanotubes (CNTs) poses certain difficulties for their use in nano-
biomedical X-ray devices and imaging probes. This problem arises due to deformation of the CNTs due to electrodynamic
force field and electron–phonon interaction. It is of great importance to have precise control of emitted electron beams very
near the CNT tips. In this paper, a new array configuration with stacked array of CNTs is analysed and it is shown that the
current density distribution is greatly localised at the middle of the array, that the scatter due to electrodynamic force field is
minimised and that the temperature transients are much smaller compared to those in an array with random height
distribution.

Keywords: carbon nanotube arrays; field emission; coupled effects; biomedical X-ray imaging; cancer treatment; transport
phenomena

1. Introduction

Field emission from carbon nanotubes (CNTs) was first

reported in 1995 by three research groups [1–3]. With

significant research attention, CNTs are currently ranked

among the best field emitters. CNTs grown on substrates

are used as electron sources in field emission applications.

Several studies have reported the use of CNTs in field

emission devices, including field emission displays, X-ray

tube sources, electron microscopes, cathode-ray lamps,

etc. [4–7]. Also, in recent years, conventional cold field

emission cathodes have been realised in micro-fabricated

arrays for medical X-ray imaging [8] and today CNT-

based field emission cathode devices can readily produce

both continuous and pulsed X-ray for a variety of

industrial and medical applications [9], including recent

applications for cancer treatment [10]. Field emission

performance of a single isolated CNT is found to be

remarkable, but the situation becomes complex when an

array of CNTs is used [11]. At the same time, use of arrays

of CNTs is known to be practical and economical. Indeed,

such arrays on cathode substrates can be grown easily and

their collective dynamics can be utilised in a statistical

sense such that the average emission intensity is high

enough and the collective dynamics lead to longer

emission life. The modelling process of CNT arrays

and associated devices requires the development of

multiphysics approaches due to a range of coupled

processes and transport phenomena involved [12,13].

This development has been discussed in detail in recent

papers [14–17]. In particular, in [14] field emission

properties of open and closed single-walled CNTs were

analysed. In [15], for the first time, a systematic

multiphysics based modelling approach was proposed to

analyse the evolution and self-assembly of randomly

oriented CNTs and the results of this analysis were applied

to thin-film emitting diodes. Electromechanical effects in

such devices were studied in detail in [16] as these effects

are known to be able to augment significantly the

properties of nanostructures [18]. More recently, in [17] a

systematically coupled model accounting for both the

electron–phonon transport and the mechanical defor-

mation in the CNTs has been proposed. Based on earlier

analyses, we have concluded that field emission from

CNTs is difficult to characterise using simple formulae or

data fitting due to several physical phenomena involved:

(1) electron–phonon interaction; (2) electromechanical

force field leading to deformation of CNTs; and (3)

ballistic transport induced thermal spikes, coupled with

high dynamic stress, leading to degradation of emission

performance. Recently, a number of advances have been

made along these lines. Indeed, fairly detailed physics-

based models of CNTs considering the aspects (1) and (2)

above have already been developed by the authors

[17,19,20]. For a matrix of CNTs, an analytical estimate

of field enhancement factor including the effect of

Coulomb field, image potential and anode–cathode
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distance was reported by Wang et al. [21]. Effects of

vertical alignment of CNTs and substrates on the field

emission current–voltage characteristics were studied

experimentally by Chen et al. [22]. Effect of spacing and

diameter of CNTs in the arrays have been studied in [23].

Advances in patterning of CNTs for field emission

applications have also been recently made (see e.g. [24]).

In [15], the present authors developed a model

of interacting CNTs including the effect of random

CNTs on cathode substrate (termed as CNT based thin

film). The I–V curves obtained from this model were

compared with experimental results and found to be in

good agreement. Subsequently, the transient phenomena

and statistics of the CNT arrays were analysed both

experimentally and based on a refined version of the

previous model of CNT array in [16,17]. With reference to

this model, one would be able to realise how the present

idea of pointed array of CNTs has been developed.

However, design optimisation issues aimed at better field

emission devices to reduce the extent of electro-

mechanical fatigues and to improve spatio-temporal

localisation of emitted electrons remain open and are

important areas of research. With due success in designing

such devices, various applications such as in situ

biomedical X-ray probes and thin film pixel based imaging

technology, to name just a few, are of great significance.

The authors’ interest in this study stems from the problem

of precision biomedical X-ray generation. In this paper, we

focus on the device-level performance of CNTs grown on a

metallic surface in the form of an array (for field emission)

under diode configuration. We analyse a new design

concept, wherein (a) the electrodynamic force field leading

to strong electron–phonon interaction during ballistic

transport and also (b) the usually observed reorientation of

the CNT tips and instability due to Coulomb repulsions

can be harnessed optimally.

2. Model formulation

We first discuss the basic modelling framework in this

section and then formulate the model of electrodynamic

force field by considering individual CNTs in the array as

one-dimensional elements for transport of electron–gas

with appropriate boundary conditions.

Let NT be the total number of carbon atoms including

those in CNTs and those in cluster forms as a mesoscopic

description of the surface of the cathode substrate and in a

representative volume element Vcell ¼ DAd. Here, DA is

the computational cell surface interfacing the anode and d

is the distance between the inner surfaces of cathode

substrate and the anode. Let N be the number of CNTs in

the cell, and NCNT be the total number of carbon atoms

present in the CNTs. We assume that during field emission,

some of the CNT structures are decomposed and they form

clusters. Such degradation and fragmentation of CNTs can

be treated as the reverse process of Chemical Vapour

Deposition (CVD) or a similar growth process used for

producing the CNTs on a substrate. Hence,

NT ¼ NNCNT þ Ncluster; ð1Þ

where Ncluster is the total number of carbon atoms in the

clusters in a cell at time t and it is given by

Ncluster ¼ Vcell

ðt
0

dn1ðtÞ; ð2Þ

where n1 is the concentration of carbon clusters in the cell.

By combining Equations (1) and (2), one has

N ¼
1

NCNT

NT 2 Vcell

ðt
0

dn1ðtÞ

� �
: ð3Þ

The number of carbon atoms in a CNT is proportional

to its length. Let the length of a CNT be a function of time,

denoted as LðtÞ. Therefore, one can write

NCNT ¼ NringLðtÞ; ð4Þ

where Nring is the number of carbon atoms per unit length

of a CNT and it can be determined from the geometry of

the hexagonal arrangement of carbon atoms in the CNT.

By combining Equations (3) and (4), one can write

N ¼
1

NringLðtÞ
NT 2 Vcell

ðt
0

dn1ðtÞ

� �
: ð5Þ

In order to determine n1ðtÞ phenomenologically, we

employ a nucleation coupled model developed previously

in [19]. Based on the model, the rate of degradation of

CNTs ðvburnÞ is defined as

vburn ¼ Vcell

dn1ðtÞ

dt

sðs2 a1Þðs2 a2Þðs2 a3Þ

n2a2
1 þm2a2

2 þ nm a2
1 þ a2

2 2 a2
3

� �
" #1=2

;

ð6Þ

where a1, a2, a3 are lattice constants, s¼ ð1=2Þ

ða1 þ a2 þ a3Þ, n and m are integers ðn$ jmj$ 0Þ.

The pair ðn;mÞ defines the chirality of the CNT. Therefore,

at a given time, the length of a CNT can be expressed as

hðtÞ ¼ h0 2 vburnt, where h0 is the initial average height of

the CNTs and d, as before, is the distance between the

cathode substrate and the anode.

The surface electron density of CNTs ð~nÞ can be

expressed as the sum of a steady (unstrained) part ð~n0Þ and

a dynamically strained part ð~n0Þ. Therefore, ~n ¼ ~n0 þ ~n1,

where the steady part ~n0 is the surface electron density

corresponding to the Fermi level energy in the unstrained

CNT and it can be approximated as [25] ~n0 ¼ kT=ðpb2DÞ,

where k is Boltzmann’s constant, T is the absolute

temperature, b is the interatomic distance and D is the
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overlap integral (< 2 eV for carbon). The fluctuating part

~n1 is inhomogeneous along the length of the CNTs.

Actually, ~n1 should be coupled nonlinearly with the

deformation and the electromagnetic field [26]. However,

in a simplified form, ~n1 is primarily governed by one of the

quantum-hydrodynamic equations. The deformation of

CNTs during field emission is a combined effect of various

electromechanical forces in a slow time scale and the

fluctuation of the CNT sheet due to electron–phonon

interaction in a fast time scale. Therefore, the total

displacement utotal can be expressed as

utotal ¼ u ð1Þ þ u ð2Þ; ð7Þ

where u ð1Þ and u ð2Þ are the displacements due to electro-

mechanical forces and fluctuation of CNT sheets due to

electron–phonon interaction, respectively. The elements

of displacement vector in the coordinate system ðx 0; y 0; z 0Þ
with z 0 being the tangent to the curved tube axis, can be

written as

u ð1Þ ¼ uð1Þx 0 u
ð1Þ
z 0

� �T
; u ð2Þ ¼ uð2Þx 0 u

ð2Þ
z 0

� �T
; ð8Þ

where ux0 is the lateral displacement and uz0 is the

longitudinal displacement at a length-wise location of

CNTs where the CNT cross-sections are reduced to a

point, thus by neglecting the radial breathing modes.

Furthermore, to simplify the analysis, we consider only

one component of lateral motion and remove the y 0

dependence of the motion in the slow time scale. In the

array, each CNT is treated as a one-dimensional elastic

member discretised by fictitious segments and nodes with

equivalent electronic charges lumped on the nodes.

The electrodynamic force field is computed as discussed

in [17].

In the fast time scale, the displacement field u ð2Þ is

coupled with the density of state via the changes in the

atomic coordinates due to electrodynamic force.

The electrodynamic force field comprises of Coulomb

force due to pair-wise interaction of CNTs in the array and

the electrodynamic force due to conduction electrons

within a CNT. The density of state is further influenced by

the electromagnetic field and self-interaction potentials.

Such a dynamic interaction between the electrons and the

electromagnetic field can be expressed as

›2 ~n1

›t 2
2

e~n0

me

›Ez0

›z0
2 a2

›2 ~n1

›z
02
þ b2

›4 ~n1

›z
04
þ

b2

r 2

›2

›z
02

›2 ~n1

›u2
0

� �

þ
n0

me

›f lz0

›z0
2

e~n0

me

1

r

›Eu0

›u0

2
a2

r 2

›2 ~n1

›u2
0

þ
b2

r 4

›4 ~n1

›u4
0

þ
b2

r 2

›2

›u2
0

›2 ~n1

›z
02

� �
þ

n0

me

1

r

›f lu0

›u0

2
en0

me

›Er

›r

þ
n0

me

›f lr

›r
þ

n0

me

›f pr

›r
¼ 0; ð9Þ

where ðr; u0; z
0Þ defines the cylindrical coordinate system

for a CNT with r ¼ R as the CNT radius, me is the effective

mass of electron, a2 is the speed of propagation of density

disturbances, b2 is the single electron excitation in

the electron gas, f l is the Lorentz force, f p is the

ponderomotive force, and Ez 0 , Eu0
and Er are the axial,

circumferential and out-of-plane components of the

electric field, respectively. The electric field satisfies the

Maxwell’s equation for the effective medium:

72E2 ms
›E

›t
2 me

›2E

›t 2
¼ m

›J

›t
; ð10Þ

where m, s, e , and J are the magnetic permeability,

electric conductivity, electric permittivity, and electric

current density in a CNT as an effective medium,

respectively. The current density in the CNT sheet can

be approximated as

J < e~n v0 þ
›uð2Þz0

›t
þ cp

›uð2Þz0

›z0

 !
; ð11Þ

where v0 is the velocity of conduction of electrons in the

unstrained CNT, cp is the phase speed of sound

propagation along z 0 direction. Substituting this in

Equation (10) and expanding, we get

›2Ez0 ðrÞ

›z
02

þ
1

r 2

›2Ez0 ðrÞ

›u2
0

þ
1

r

›

›r
r
›Ez0 ðrÞ

›r

� �

2 ms
›Ez0 ðrÞ

›t
2 me

›2Ez0 ðrÞ

›t 2
¼ m

›

›t
e~n

›uð2Þz0

›t

 !
;

ð12Þ

›2Eu0
ðrÞ

›z
02

þ
1

r 2

›2Eu0
ðrÞ

›u2
0

þ
1

r

›

›r
r
›Eu0

ðrÞ

›r

� �

2 ms
›Eu0

ðrÞ

›t
2 me

›2Eu0
ðrÞ

›t 2
¼ 0;

ð13Þ

›2ErðrÞ

›z
02

þ
1

r 2

›2ErðrÞ

›u2
0

þ
1

r

›

›r
r
›ErðrÞ

›r

� �

2 ms
›ErðrÞ

›t
2 me

›2ErðrÞ

›t 2
¼ 0:

ð14Þ

In the absence of electronic transport within and field

emission from the tip of a CNT, the background electric

field is simply E0 ¼ 2V0=d, where V0 ¼ Vd 2 V s is the

applied bias voltage, V s is the constant source potential

on the substrate side, Vd is the drain potential on the

anode side and d, as before, is the clearance between

the electrodes. The total electrostatic energy consists

of a linear drop due to the uniform background

electric field and the potential energy due to the charges

on the CNTs. Therefore, the total electrostatic energy
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can be expressed as

Vðx; zÞ ¼ 2eV s 2 eðVd 2 V sÞ
z

d

þ
X
j

Gði; jÞðn̂j 2 nÞ; ð15Þ

where e is the positive electronic charge, Gði; jÞ is the

Green’s function [27] with i indicating the ring position

and n̂j describing the electron density at node position j on

the ring. In the present case, while computing the Green’s

function, we also consider the nodal charges of the

neighbouring CNTs. This essentially introduces non-local

contributions due to the array of CNTs. We compute the

total electric field E ¼ 27V=e, which is expressed as

Ez ¼ 2
1

e

dVðzÞ
dz

: ð16Þ

The current density (J) due to field emission is obtained by

using the Fowler–Nordheim equation [28]

J ¼
BE2

z

F
exp 2

CF3=2

Ez

" #
; ð17Þ

where F is the work function of the CNT, and B and C are

constants. Computation is performed at every time step,

followed by update of the geometry of the CNTs. As a

result, the charge distribution among the CNTs also changes

and such a change affects the electrostatic energy according

to Equation (15). The field emission current ðIcellÞ from the

anode surface corresponding to an elemental volume Vcell

containing an array of CNTs is then obtained as

Icell ¼ Acell

XN
j¼1

Jj; ð18Þ

where Acell is the anode surface area and N is the number of

CNTs in the volume element. The total current is obtained

by summing the cell-wise current ðIcellÞ. This formulation

takes into account the effect of CNT tip orientations, and

one can perform statistical analysis of the device current for

randomly-distributed and randomly-oriented CNTs.

3. Results and discussion

In the proposed design of CNT array based field emission,

we introduce two additional gates on the edges of the

cathode substrate. An array of stacked CNTs is considered

on the cathode substrate. Figure 1 shows a three-

dimensional schematic of the CNT array with electrodes

as a single pixel. Due to circular symmetry, we consider a

two-dimensional configuration of a line of CNT array in

the simulation. The height of the CNTs is such that a

symmetric force field is maintained in each pixel with

respect to the central axis parallel to z-axis (see Figure 2).

As a result, it is expected that a maximum current density

and a well-shaped beam can be produced under DC

voltage across the cathode and anode. In the present

design, the anode is assumed to be simply a uniform

conducting slab. However, such an anode can be replaced

with a porous thin film along with MEMS-based beam

control mechanism. Figure 2 shows the transverse electric

field distribution ðEzÞ in the pixel, which directly

influences the field emission.

We consider 100 CNTs in an array for all the

simulations. In the simulations, the distance between the

cathode substrate and the anode surface was taken as

Figure 1. Schematic setup of the CNT array based field
emission pixel.

Figure 2. Contour plot showing concentration of electric field
Ez surrounding the CNT tips under symmetric lateral force field.
V0 ¼ 650 V and the side-wise gates are shorted with the cathode
substrate. Electric field contours are shown in V/m unit in the
colourbar.
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34.7mm. The height of the side-wise gates was 6mm,

while the spacing between neighbouring CNTs in the array

was selected as 2mm. A DC bias voltage of 650V is

applied across the cathode and anode. We compare the two

cases of height distributions of CNTs in the array. In one of

these cases, where the CNTs were stacked like a pointed

shape, the height was varied from 6mm at the edges to

12mm at the centre. In the other case, we chose a random

height distribution for the CNTs in the array, where the

height was varied as h ¼ ðh0 ^ 2mmÞ7 2mm £ randð1Þ.

Here, the function rand denotes random number generator.

The constants B and C in Equation (17) were taken as

ð1:4 £ 1026Þ £ expðð9:8929Þ £F21=2Þ and 6:5 £ 107,

respectively [29]. It has been reported in literature (e.g.,

[29]) that the work function F for CNTs is smaller than

the work functions for metal, silicon, and graphite.

However, there are significant variations in the

experimental values of F depending on the types of

CNTs (i.e. SWNT/MWNT) and geometric parameters.

The type of substrate material also has significant

influence on the electronic band-edge potential.

The results reported in this paper are based on a

representative value of F ¼ 2:2 eV.

Figure 3(a) shows well stabilised CNTs owing to the

electrodynamic interaction due to the pointed shape as

compared to the random distribution in Figure 3(b).

During 50 s of field emission simulated in these results, the

strong influence of lateral force field can be clearly seen.

Such force field produces electrodynamic repulsion such

that the resultant force imbalance on the CNTs towards the

edges of the array eventually destabilises the orientation of

the CNT tips. Since, in the pointed shape (see Figure 3(a)),

this force imbalance is minimised due to gradual reduction

in the CNT heights, a lesser magnitude of deflections is

observed. Also, the lateral electrodynamic forces produce

instabilities in the randomly distributed array, where the

electrons are pulled up by the anode and the CNTs tips

experience a significant elongation as shown in

Figure 3(b). This is further quantified by the tip angle

distribution before and after 50 s of field emission as

shown in Figure 4(b) for a random height distribution as

compared to Figure 4(a) for the pointed shape. It should

Figure 3. Visualisation of initial and deflected shape of an array of 100 CNTs at t ¼ 50 s of field emission for (a) pointed and (b) random
configurations. The dotted lines indicate initial CNTs.

Figure 4. Tip deflections of each CNT in an array of 100 CNTs at t ¼ 50 s of field emission for (a) pointed and (b) random
configurations. Dotted line indicates initial tip orientation angle.
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be noted that in the simulation, the initial tip deflections

are prescribed as a random distribution for both the cases.

Due to this reason, the tip orientation angles in Figure 4(a)

are also large in the case of pointed shape, but these do not

change over time.

In Figure 5(a) and (b) we compare the time histories of

maximum, minimum and average current densities out

of the array for the case of pointed shape and the case of

random height distribution. The average current density

for the case of pointed shape is almost three times more

than the average current density for the case of random

height distribution. This is an interesting result, which

clearly demonstrates the improvement achieved by using a

pointed shape of the array and the side gate. Also, due to

lateral force field induced instabilities in the case of

random height distribution, the scatter in the current

density distribution in the array is much higher compared

to the case of pointed shape. It should also be noted that

beside a threefold increase in the magnitude of average

current density for the pointed array case in Figure 5(a),

the temporal fluctuation is also insignificant as compared

to Figure 5(b). This indicates an improved field emission

with good stability. Figure 6 shows the spatial distribution

of emission current density in the pointed array as

compared to the random array. It is clear that the emission

is stable and it is focused towards the middle of the array.

Finally, the temperature at the tip of each CNT over an

array of 100 CNTs was computed in this study. Note in this

context that during the emission of the electrons,

interactions among several quantum states and acoustic-

thermal phonon modes take place. As the electrons

become ballistic electrons in free space, the corresponding

energy released to the CNT cap region produces thermal

transients. A mesoscopic model of heat generation and

transport in CNTs from the tip region [17] is employed in

the present computation. Figure 7(a) and (b) shows the

temperature at the CNT tips at t ¼ 50 s corresponding

to Figures 3 and 5 for the cases of pointed shape and

random height distribution, respectively. Figure 7(a)

shows a temperature rise of up to <480K which is at

the middle of the array. Another interesting observation is

that the temperature distribution profile shows a more or

less gradual decrease towards the edges. On the other

hand, as seen in Figure 7(b), the random height distribution

leads to a much stronger electron–phonon interaction as

the CNTs undergo large tip rotations. The maximum

temperature is nearly 600K and such a temperature rise is

not always at the middle region of the array.

4. Conclusion

A novel approach to obtain stabilised field emission

current from a stacked CNT array is reported in this paper.

A mesoscopic modelling technique is employed, which

takes into account electro-mechanical forces in the CNTs,

as well as transport of conduction electron coupled with

electron–phonon induced heat generation from the CNT

Figure 5. Time history of field emission current density for an array of 100 CNTs at t ¼ 50 s of field emission for (a) pointed shape and
(b) random height distribution.

Figure 6. Distribution of current density over the tips of the
CNTs in the arrays at t ¼ 50 s. The pointed array shows a focused
emission.

Molecular Simulation 517

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
2
3
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



tips. The reported analysis of pointed arrangements of the

array shows that the current density distribution is greatly

localised in the middle of the array, the scatter due to

electrodynamic force field is minimised, and the

temperature transients are much smaller compared to

those in an array with random height distribution. Such

arrays of CNTs, in pixel form, have important

applications in biomedical X-ray devices and imaging.

Based on this idea, a mechanically stable array of CNTs is

likely to produce longer life, which requires further

investigation.
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